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Detecting overlapping gravity waves using the S-Transform
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[1] We discuss an adaptation to the widely-used Stockwell
Transform based method for the detection of gravity waves
to allow the detection of multiple overlapping waves.
This adjusted method is applied to data from the High
Resolution Dynamics Limb Sounder for the period of May
2006 and is found to change the measured distribution of
gravity wave momentum flux on a global scale. An overall
68% increase in measured momentum flux is observed
for the 20 – 30 km altitude range, with significant regional
variability. The largest absolute increase is over India,
the Southern Ocean, and the Antarctic Peninsula, regions
previously known to exhibit high levels of momentum flux.
A strong relative increase is observed north of the equator,
particularly in the tropics; analysis of the wavelength distri-
bution of detected gravity waves shows that the majority of
this increase is due to the detection of small vertical- and
horizontal-scale waves which were presumably previously
masked by higher-amplitude events in the same profile.
Citation: Wright, C. J., and J. C. Gille (2013), Detecting overlap-
ping gravity waves using the S-Transform, Geophys. Res. Lett., 40,
doi:10.1002/grl.50378.

1. Introduction
[2] Gravity waves (GWs) are a key component in our

understanding of the global atmospheric circulation, help-
ing to determine the broad-scale structure of the middle
atmosphere and driving atmospheric dynamics on all scales
[Fritts, 1984]. Recent advances in satellite instrumentation
[e.g., Fritts and Alexander, 2003; Alexander et al., 2010]
have allowed their direct measurement at high resolution on
a global scale, facilitating the mapping and characterization
of their distribution. This detailed understanding is vitally
important to provide necessary observational constraints for
the GW parameterizations which form a key component of
climate and weather models. [e.g., Song et al., 2007; Richter
et al., 2010]

[3] In recent years, the Stockwell Transform (ST,
Stockwell et al., [1996]) has been widely used to infer the
vertical flux of horizontal pseudomomentum (“momentum
flux”) due to gravity waves in satellite temperature data
[e.g., Alexander et al., 2008; Wright et al., 2010; McDonald,
2012; France et al., 2012]. However, these studies have
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focussed only on the highest-amplitude wavelike signals in
each profile, obtaining at most one wave per profile height
level and ignoring potentially useful data on colocated waves
with smaller amplitudes. These overlapping waves are likely
to be numerous and, depending on their physical scale,
may individually transport a larger momentum flux than the
largest-amplitude events, a key property of GWs that has
a major impact on the upper-atmospheric circulation [e.g.,
Andrews et al., 1987; Fritts and Alexander, 2003].

[4] Here, we adapt the GW detection methodology
described by Alexander et al. [2008] to allow the detection
of colocated wave signals. Section 2 describes the data used
and section 3 the method; section 4 then briefly illustrates
differences in results between the two methods for a sam-
ple period and altitude range, and section 5 discusses the
implications and some limitations.

2. HIRDLS
[5] The High Resolution Dynamics Limb Sounder

(HIRDLS, Gille et al. [2003]) is a limb-scanning radiometer
on NASA’s Aura satellite. Designed to measure atmospheric
radiances at high vertical resolution throughout the mid-
dle atmosphere, after launch an optical blockage obscured
a large proportion of the viewing aperture [Barnett et al.,
2005]. Due to this, major corrective work has been required
to produce useful atmospheric data [Gille et al., 2008].

[6] The current version of the HIRDLS data set, V007,
provides vertical temperature profiles from the tropopause
up to �80 km in altitude as a function of pressure [Gille
et al, 2012]. The vertical resolution of the instrument
is � 1 km throughout most of the vertical range [Wright
et al., 2011], dropping to�2 km above�60 km, with a preci-
sion �0.5 K throughout the stratosphere. Data are available
from late January 2005 until early 2008, when a failure of
the optical chopper terminated data collection. We here use
data from May 2006; this period is chosen to coincide with
Alexander et al. [2008].

3. Analysis
3.1. ST Analysis

[7] Initially, we compute the mean background temper-
ature and the first six planetary wave modes for each
height level and remove these from the data [Fetzer and
Gille, 1994]. This leaves a temperature perturbation profile
for each measurement location, which we then interpolate
onto a regular 1 km vertical scale, representative of the
actual resolution of the instrument at most altitudes. We
analyzed each such perturbation profile using the ST and
cross-multiply along-track-adjacent profile pairs to produce
complex cospectra, from which we compute the covarying
temperature amplitude OT(�z, z) for each profile-pair.
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Figure 1. Schematic diagram of the overlapping wave detection process. Figures 1a–1c show three artificial waves, and
(d) the sum of these waves combined with 2 K normally-distributed noise (black) and an identical wave with an equivalent
but differently-seeded noise distribution, offset by +10 K; vertical dotted lines indicate the zeros of these two profiles. The
colored contours of Figure 1e show the absolute ST cospectrum of these signals; open diamonds show local maxima we
would accept as wave signals and crosses local maxima which are not accepted. Figures 1f–1h show slices from Figure 1e at
three height levels; the black curve shows the ST cospectrum, the green curve a schematic representation of our background
estimate N99(�z, z), solid red lines accepted local maxima and dashed red lines rejected local maxima. The use of black or
white symbols in Figure 1e is for contrast only; no difference is implied.

[8] We next compute the horizontal wavelength between
adjacent profiles
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for this signal, where �h and �z are the horizontal and
vertical wavelengths of the signal,�ri,i+1 and��i,i+1 the geo-
graphic and phase differences between adjacent profiles, OT
and NT the temperature perturbation size and the background
temperature, � the atmospheric density, N the Brunt-Väisäla
frequency, g the acceleration due to gravity, and Mi,i+1 the
estimated momentum flux carried by the signal. In previ-
ous studies using this method, this was performed only for
the highest-amplitude signal at each height level, but here
we instead compute �h and hence Mi,i+1 for each (z,�z)
at which a distinct local maximum is observed in the ST
spectrum. Each of these peaks potentially represents an over-
lapping wave in the analysis. We perform the ST analysis
over the range 15–60 km altitude, but only consider here
results in the 20–30 km altitude range; thus, there may be
some edge-truncation of longer vertical waves at the bot-
tom of the analysis window where the altitude range extends
insufficiently far downwards.

[9] Figures 1a –1e illustrate this process for an artificial
case. Figures 1a –1c show three waves, and Figure 1d the
sum of these waves combined with normally-distributed
noise of peak amplitude 2 K (black) and an identical wave
with differently-distributed noise of the same form (gray,
offset by +10 K). Figure 1e then shows OT(�z, z) derived from
the ST cross-spectrum of these two profiles. The overlaid
symbols (crosses and diamonds) show local maxima in
the spectrum.

3.2. Statistical Significance
[10] A proportion of these wavelike signals are likely to be

spurious. So, we must apply some kind of significance check
to ensure that we are observing genuine wave signatures.

[11] To do this, we implement a modified version of
the significance testing method described by McDonald
[2012]. In this study, a large number of artificial profile-pairs
were generated from an autoregression analysis of nor-
malized (detrended and scaled by their standard deviation)
COSMIC [Anthes et al., 2008] profiles. These profile-pairs
were then analyzed using the ST and their cospectral ampli-
tudes used to compute a probability distribution of the
signals that would be expected to be measured from two
uncorrelated profiles.

[12] We make two modifications to this method. First,
we use real uncorrelated (non-adjacent) normalized profile-
pairs to compute the background distribution. This should
not significantly affect the result, but reduces computa-
tional complexity and runtime. Second, we compute the
distribution on a temporally and spatially localized basis:
specifically, we take 2 500 randomly sampled profile-pairs
from each 10ı latitude by 60ı longitude box for each calen-
dar month (that is to say, all Januaries during the HIRDLS
mission, all Februaries, etc.), compute the ST cospectrum for
each such profile-pair at each height, and from this gener-
ate an estimate of the background distribution as a function
of �z and z. As with McDonald [2012], we have conserva-
tively chosen to accept data above the 99th percentile of the
probability distribution as valid; this allows us to produce an
estimate of the required significance level to treat a signal as
a wave N99(�z, z).

[13] Figures 1e –1h show the results of this process.
Figures 1f –1h show, for three height levels, OT(�z) (black
curve). Overlaid on this in green is a schematic representa-
tion of N99(�z, z = Z): we represent this in each case by the
same curve, but in practice it will differ for each height and
location. Finally, vertical red lines indicate the local maxima
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Figure 2. Maps illustrating mean GW Mi,i+1 for May 2006 over the altitude range 20–30 km. Figure 2a shows values
selecting only the highest-amplitude wave in the profile; Figure 2b shows the Mi,i+1 summed over all statistically significant
wave modes. Figure 2c shows the ratio of Figure 2b to Figure 2a and Figure 2d the absolute difference.

found in the ST cross-spectrum; solid lines show maxima
above N99(�z, z = Z) and dashed lines below, which are dis-
carded in our analysis. In each case, we observe peaks of
approximately the same wavelength and magnitude as the
original input waves; the �z = 8 km wave is slightly shifted
in wavelength at some heights due to deficiencies in the
transform methodology.

[14] Figure 1e shows this data for the full distribution of
OT(�z, z): open diamonds indicate peaks above and crosses
peaks below the noise level. We see that, in general, the local
maxima representing the input waves in Figures 1a –1c are
well above the noise level in this case, while those produced
by noise or arising due to the sampling spatial frequency
are weaker and not retained by our analysis. This will not
necessarily be true in all observed cases in real data.

[15] For this idealized example, the proportion of the total
input signal variance, including noise, identified as wavelike
signals by the peak-only method is 36%, while the all-modes
method recovers 48% of the original variance. In the real
case, these numbers are lower: for the period and altitude
range considered, the global daily mean of recovered vari-
ance as a percentage of the input profile variance ranges
between�10–15% for the peak-only method and�17–25%
for the all-modes case.

4. Results
[16] Figure 2a shows a map of the highest-amplitude-

wave-mode-only (“peak-only”) results, averaged over the
20 – 30 km altitude range for May 2006 and gridded onto a
5ı � 5ı scale. This closely reproduces Figure 4 of Alexander
et al. [2008] and contrasts with Figure 2b, which shows
Mi,i+1 summed over all statistically significant resolved wave
modes (“all-modes”) for the same period and altitude range.
Figures 2c and 2d show the ratio and difference, respec-
tively. We observe increased Mi,i+1 at all locations, with an
overall 68% increase in the area-weighted gridded result.
The absolute increase is largest over already strong regions
such as India, the Southern Ocean, and in particular, the

Antarctic Peninsula. In relative terms, however, the distri-
bution is somewhat different: we see an almost-doubling
of measured Mi,i+1 throughout large parts of the northern
hemisphere and tropics, while the increase over most of the
southern hemisphere is only <� 1.2�.

[17] An equivalent analysis has also been performed for
July 2006 (this figure is omitted here for brevity, but is
available as auxiliary material to the article): during this
period, the Intertropical Convergence Zone has moved north
of the equator, producing a narrow band of strong convec-
tion which in satellite observations would be expected to
peak over Central America and southern China (see e.g.,
Figure 1b of Choi et al., [2009]). This large convective
source would be expected to produce short vertical and hor-
izontal waves, which could be strongly undersampled using
the peak-only method. We see an increase in absolute mea-
sured Mi,i+1 over the regions, we expect to be associated
with strong GW activity based on the ray-based gravity
wave temperature variance predictions of Choi et al. [2009]
Figure 1b, with enhancements over Asia (stretching out into
the Pacific) and Central America, but a relative increase
smaller than that in the equatorial tropics or high northern
latitudes.

[18] Figure 3 shows the same data as a function of
(Figure 3a) �z and (Figure 3b) �h for 36 geographical
regions, each of 60ı longitude by 25ı latitude, illustrated
by maps behind the individual panels. Each panel has been
normalized to equal 1 at the peak all-modes Mi,i+1 for each
region. Note that the southernmost region extends geograph-
ically to 75ıS, but in practice does not include any results
poleward of 64ıS due to a lack of data. Green curves show
the peak-only distribution and blue curves the all-modes
distribution; red curves show the difference between these.

[19] Considering first �z, Figure 3a, we see marked latitu-
dinal variations in the new distributions (blue). With some
exceptions, values in northern polar- and midlatitudes tend
to be evenly distributed across the wavelength range or
bimodal with both long- and short-wavelength peak. This
is in stark contrast to the peak-only results, which were
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Figure 3. Regional plots illustrating the distribution of measured GW Mi,i+1 against (a) vertical and (b) horizontal wave-
length. Each plot illustrates the 60ı by 30ı region illustrated in the background. Values are normalized such that the
wavelength with the highest Mi,i+1 in that region equals 1; for absolute Mi,i+1 values, see Figure 2. For each box, the green
curve shows the sum of the Mi,i+1 carried by the largest wave in each profile, the blue curve the Mi,i+1 carried by all statis-
tically significant waves, and the red curve the difference between these values. Latitudes and longitudes are indicated by
the right and top axes, respectively. Dotted gray lines indicate curves of 1/�h, normalized to equal the red curves at their
half-maximum.

primarily made up of much longer waves in the vertical.
Tropical latitudes, meanwhile, are dominated by short verti-
cal waves, and southern midlatitudes by long vertical waves;
the distribution of vertical wavelengths in these regions is

not altered nearly as much, but a much greater proportion of
detected Mi,i+1 is at shorter horizontal wavelengths. Globally,
the change in measured Mi,i+1 (red) is clearly primarily due
to the improved detection of small vertical-scale waves, with
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the increase in measured Mi,i+1 largest at short �z in all loca-
tions. These small waves have only a small relative effect at
high southern latitudes, with the additional relative contri-
bution smallest over the orographically dominated Antarctic
Peninsula region, but are the main cause of the near-doubling
of Mi,i+1 we saw in Figure 2 at high northern latitudes and
over India.

[20] Changes in �h, Figure 3(b), are less dramatic but still
important: in all regions, additional Mi,i+1 is contributed by
short horizontal-scale waves which were previously not con-
sidered, shifting the overall distribution towards lower �h.
We see a sharp drop at very short �h in both the single-
and multiple-peak analyses despite the inverse-dependence
of Mi,i+1; this is most probably due to the horizontal spacing
of the profiles limiting the detection of very short horizon-
tal waves. There are again significant latitudinal variations:
the additional contribution due to short horizontal waves is
weakest in relative terms across the Southern Ocean, consis-
tent with the relatively small increase in overall Mi,i+1 here.
Significant additional Mi,i+1 due to short waves appears at
very high northern latitudes.

[21] Detailed satellite maps of the full distribution of mea-
sured wavelengths in the literature are few, but we can
compare our results in the tropics to those of Ern and
Preusse [2012]. There, subtropical gravity wave momen-
tum flux (GWMF) spectra are discussed; Figures 2a, 2b,
2e, and 2f show maxima in the GWMF distribution at a
�z � 7 km and �h � 500 km in both deep-convective and
non-convective regions for both southern and northern sub-
tropical latitudes, with the majority of results falling within
a range �z �5–15 km and �h �400–1200 km. These cor-
respond geographically to the two bands on either side of
the equator in our Figures 3a and 3b; here, our all-modes
distributions show peaked regions corresponding to, very
approximately,�4–12 km in the vertical and�400–1500 km
in the horizontal, peaking at�4–6 km and �500 km, respec-
tively. This suggests reasonable agreement despite the
methodological differences and the different time periods
studied.

5. Discussion and Conclusions
[22] This method still has important limitations. As we

saw in Figure 1, closely-spaced peaks in the ST cospectrum
can merge to form mis-measured peaks, and a smaller wave
in the same region as a large one but with much smaller
amplitude will tend to be “swamped” by the larger signal.
Also, the observed increase in actual momentum flux may
in practice be smaller than our measured increase in Mi,i+1:
since we sample only the absolute rather than the vector
momentum flux, waves we observe and sum here may in
fact cancel out due to different propagation directions. It
also does not improve on many of the limitations inherent in
the method, such as the observational filter [Alexander and
Barnet, 2007] of the instrument, or the tendency of the ST to
underestimate wave amplitudes [Wright, 2010].

[23] Furthermore, the distribution of the additional hori-
zontal wavelengths in Figure 3b often shows similarity to
a distribution of 1/�h (indicated by the gray dashed line
on each panel). This would equate to a flat distribution in
squared-amplitude, as discussed by Ern et al. [2004], such a
distribution is indicative of a large proportion of the detected
signals being from waves shorter than the horizontal

resolution limit of the instrument. These would be aliased in
the data, consequently being assigned a too-large horizon-
tal wavelength. This would tend to reduce (equation 2) the
estimate of Mi,i+1 for these additional waves, suggesting that
these waves may be a more significant contributor to total
Mi,i+1 than we estimate.

[24] Nevertheless, it does represent a useful improvement
on the existing method. Our results show that the inclusion
of these previously unconsidered overlapping waves sub-
stantially alters the measured GW spectrum, greatly increas-
ing our estimate of globally integrated Mi,i+1 and enhancing
the relative significance of large parts of the globe. This has
important implications for the source spectra used in GW
model parameterizations. Further study will focus on the
changes in the observed GW climatology.
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